Abstract We introduce a stabilised finite element formulation for the Kirchhoff plate obstacle problem and derive both a priori and residual-based a posteriori error estimates using conforming C 1 -continuous finite elements. We implement the method as a Nitsche-type scheme and give numerical evidence for its effectiveness in the case of an elastic and a rigid obstacle.
To our knowledge, stabilised C 1 -continuous finite elements have not been previously analysed for fourth-order obstacle problems. Moreover, only a few articles exist on the a posteriori error analysis of fourth-order obstacle problems (cf. [17, 4] ) and none on conforming C 1 -continuous finite elements, most probably due to the limited regularity of the underlying continuous problem. Here, we consider a stabilised method based on a saddle point formulation which introduces the contact force as an additional unknown (Lagrange multiplier). We establish an a priori estimate with minimal regularity assumptions and derive residual-based a posteriori error estimators. The Lagrange multiplier formulation has the advantage of providing an approximation for the contact force and the unknown contact domain. Moreover, it can easily be implemented as a Nitsche-type method with only the primal displacement variable as an unknown in the resulting linear system.
In a recent paper [18] , we considered two families of finite element methods for a second-order obstacle problem using a Lagrange multiplier formulation for including the obstacle constraint. The first was a family of mixed finite element methods for which the discrete spaces need to satisfy the Babuška-Brezzi condition. This was achieved by using "bubble" degrees of freedom. The second was a family of stabilised methods for which the stability is guaranteed, for all finite element space pairs, by adding properly weighted residual terms to the discrete formulation. In the analysis of the stabilised formulation, we made use of recently developed tools for the Stokes problem [23] .
In [18] , the analysis was focused on the membrane obstacle problem. The approach followed is, however, quite general and should thus, up to some modifications, be extendable to other problems. In this paper, we consider conforming C 1 -continuous elements for clamped Kirchhoff plates constrained by a rigid or elastic obstacle. This kind of elements are rather complicated to work with and hence it does not seem reasonable to add artificial bubble degrees of freedom, in particular since the bubbles should belong to H 2 0 (K) at each element K. Therefore, we only address a stabilised formulation.
Numerical approximation of fourth-order obstacle-type problems has been previously studied in [14, 15, 21, 7, 5, 6, 4] . In [14, 15] the authors considered mixed finite element methods and presented general convergence theorems without convergence rates. In [21] , it was shown that using the penalty method and piecewise quadratic elements, the method converges with the (suboptimal) rate of h 1/3 in the energy norm. Brenner et al. [7] made a unified a priori error analysis for classical conforming and non-conforming (C 1 -continuous and C 0 -continuous) finite element methods (see, e.g., [11] ) as well as for the C 0 interior penalty methods and showed O(h) convergence rate for all methods in convex domains, see also [5, 6] for some generalisations. The only existing a posteriori analyses on fourth-order obstacle-type problems are due to Brenner et al. [4] and Gudi and Porwal [17] , both performed on the C 0 interior penalty methods. In [17] , the authors also derive a priori error estimates with minimal regularity assumptions using the techniques developed by Gudi in [16] much in the same spirit as we do here, see also [23, 18] .
All the above mentioned papers address the problem with a rigid obstacle. For the plate bending problem with an elastic obstacle, we refer to [24] for general con-vergence results in a mixed formulation and to [20] for optimal a priori estimates for conforming and non-conforming methods in the primal formulation.
The paper is organised as follows. In Section 2, we formulate the continuous problem and show its stability. In Section 3, we define the stabilised finite element method and establish a discrete stability estimate as well as a priori and a posteriori error estimates. In Section 4, we derive the corresponding Nitsche's method and discuss its implementation. Finally, in Section 5, we report results of numerical computations on two example problems. In Sections 2 and 3, we will shorten (or omit) derivations that can be inferred from our work on the Kirchhoff plate source problem [19] and on the membrane obstacle problem [18] .
The continuous problem
Let us first recall the Kirchhoff-Love theory for thin plates (see, e.g., [12] ). We denote the infinitesimal strain tensor as
and consider the following isotropic linear elastic constitutive relationship, valid under plane stress conditions,
where E and ν are the Young's modulus and the Poisson ratio. Letting u stand for the deflection of the mid-surface of the plate and d for the plate's thickness, the curvature K and the bending moment M are defined as
Assume that Ω ⊂ R 2 is a polygonal domain occupied by (the mid-surface of) the thin plate. Since our interest lies in the obstacle problem, we will consider only clamped boundary conditions. The strain energy corresponding to a displacement v of the plate is
The displacement is constrained by an obstacle, denoted by g, which is allowed to be either rigid or elastic. The energy resulting from contact with an elastic obstacle can be written as 1 2ε
where ε > 0 is the inverse of an appropriately scaled "spring constant" and
The loading consists of a distributed load f ∈ L 2 (Ω ) with the potential energy
The total energy thus reads as
The space of kinematically admissible displacements is denoted by V = H 2 0 (Ω ). The displacement function u is thus obtained by minimising the energy, viz. 8) or by solving the weak formulation: Find u ∈ V such that
where (·, ·) is the usual L 2 (Ω ) inner product. The reaction force between the obstacle and the plate is given by
(2.10)
In the limit ε → 0, the obstacle becomes rigid and the problem reduces to that of constrained minimisation
At the same time, the reaction force λ converges to the Lagrange multiplier associated with the constraint v ≥ g. The plate obstacle problem can be investigated based on the variational inequality formulation of problem (2.11) (see [21, 7, 5, 6] 
Here, we rewrite the problem using λ as an independent unknown to obtain a perturbed saddle point problem. From (2.10) it follows that the reaction force is nonnegative, i.e. it belongs to the set 14) where the function space for the Lagrange multiplier is defined as 15) and ·, · : Q × Q → R denotes the duality pairing. We denote by · k the usual norm in the Hilbert space H k (Ω ), k ∈ N, let · 0 be the norm in L 2 (Ω ) and equip the space
Note that since the Lagrange multiplier in general belongs to H −2 (Ω ) in case of a rigid obstacle, the obstacle g and the load f could be such that the contact domain reduces to a point (or a finite number of points). Under appropriate smoothness assumptions, the solution to the plate bending problem over a rigid obstacle is in H 3 loc (Ω ) ∩ C 2 (Ω ), in convex domains in H 3 (Ω ), cf. [13, 9] , but it cannot belong to H 4 (Ω ). The exact solutions given in [6, 1] seem to indicate that the smoothness threshold is C 2,1/2 (Ω ) or H 7/2−ε (Ω ), ε > 0. The solution to the clamped plate bending problem is more regular if the obstacle is elastic. In fact, assuming that the obstacle and the loading term are in L 2 (Ω ), the regularity of the solution is determined by the regularity of the source problem, cf. [20] . In particular, the solution belongs to H 4 (Ω ) if the interior angles of the domain Ω are smaller than ≈ 126.284 • , cf. [3] .
Formulation (2.9) can be written as: Find u ∈ V and λ ∈ Λ such that
The stabilised finite element method exploits the strong form of the equations which we recall next. The static variables, the moment tensor M and the shear force Q, satisfy the following equilibrium equations which, due to the loading and the Lagrange multiplier, have to be interpreted in the sense of distributions
A simple elimination leads to the equation 20) with the biharmonic operator A (u) given by
where D stands for the bending stiffness defined through
The strong form of problem (2.17)-(2.18) is thus: Find u and λ such that
Remark 1 In case of a rigid obstacle, the first two equations in (2.23) remain the same and the last two reduce to
Defining the bilinear and linear forms B :
the variational problem (2.17)-(2.18) can be reformulated as
In the sequel, we will use the following norm in
with respect to which the bilinear form B is continuous. Moreover, we write a b (or a b) when a ≥ Cb (or a ≤ Cb) for some positive constant C independent of the finite element mesh and of the parameter ε.
From the continuity of the bilinear form a it follows that
Since q is arbitrary, we have
Moreover, the coercivity of the bilinear form a gives
and applying inequalities (2.32) and (2.33) proves the result.
The finite element method
Let C h be a conforming shape regular triangulation of Ω which we assume to be polygonal. The finite element subspaces are
Moreover, we define
Let us introduce the stabilised bilinear and linear forms B h and L h by
where α > 0 is the stabilisation parameter.
For the existence of a unique solution to Problem 2, see, e.g., [8] .
Let us define the mesh-dependent norms
and recall the following estimate.
Lemma 1 (Inverse inequality) There exists C I > 0 such that
The inverse estimate of the following lemma is valid in an arbitrary piecewise polynomial finite element space Q h .
Lemma 2 It holds that
Proof Let b K ∈ P 6 (K) be the sixth order bubble function
where λ j,K , j ∈ {1, 2, 3}, denote the barycentric coordinates for K ∈ C h , and define the auxiliary space
From the norm equivalence and the inverse estimates, it follows that
and the assertion follows from the definition of the negative norm (2.16).
For the proof of the following result, we refer to [18] (with minor modifications).
Lemma 3 There exist positive constants C 1 and C 2 such that
Proof In view of the inverse inequality (3.8), it holds
Let q h ∈ V h be the function corresponding to the supremum in Lemma 3, scaled in such a way that q h 2 = µ h −2 . Then
(3.14)
Using again the inverse inequality (3.8), Young's inequality and the continuity of the bilinear form a, we conclude that
Finally, taking w h = v h − δ q h and using estimates (3.13) and (3.15), together with the coercivity of a and the assumption 0 < α < C I , proves the stability bound after δ > 0 is chosen small enough.
The estimate |||(w h , −µ h )||| |||(v h , µ h )||| is trivial and the same bound in the discrete norm follows from the inverse estimate (3.9).
Remark 2 Note that the discrete stability bounds (3.12) are also valid in the continuous norm |||(·, ·)|||.
In the sequel, our functions may belong to the space H −2 (ω), ω ⊂ Ω , equipped with the norm
This means that if w ∈ H 2 0 (Ω ) is such that w| ω ∈ H 2 0 (ω) and w = 0 in Ω \ ω, we can write
Let f h ∈ V h be the L 2 projection of f and define the data oscillation as
Furthermore, we recall the following integration by parts formula (cf. [12] ), valid in
where we have used the shorthand notation
and defined the normal shear force and the normal and twisting moments through
with n and s denoting the normal and tangential directions at ∂ R. Integrating by parts on a smooth subset S ⊂ R we get
where a and b are the endpoints of S and the quantity
is called the Kirchhoff shear force (cf. [12] ). Denote by ω E = K 1 ∪ K 2 the pair of triangles sharing an edge E and define jumps in the normal moment and the shear force over E through
where n and n stand for the outward normals to K 1 and K 2 , respectively. We will need the following lemma in proving the a priori and a posteriori estimates. We will sketch its proof and refer to [19] for more details.
Lemma 4 For all v h ∈ V h and µ h ∈ Q h it holds that
Proof Recall from (3.10) the sixth order bubble b K ∈ P 6 (K) and let
Testing with z K in the continuous variational problem (2.17) gives the identity
The bound (3.23) follows from the continuity of a, Cauchy-Schwarz and inverse inequalities and from inequality (3.17).
Following [17] , see also [19] , we let ω E = K
Outside of ω E , w is extended by zero, see [19] for more details. From the construction of w and formula (3.20) , it follows that
Bound (3.24) can now be established using the continuity of the bilinear form a, the Cauchy-Schwarz and inverse inequalities, a scaling argument and inequalities (3.17) and (3.23), see [18] and [19] for similar considerations.
The proof of (3.25) is similar except for the construction of the auxiliary function. We choose w as a function defined on a subset of ω E , consisting of two smaller triangles K 1 and K 2 , symmetric with respect to the edge E, and write ω E = K 1 ∪ K 2 , K j ⊂ K j , j ∈ {1, 2}. Then we define w = p 1 p 2 where
is the eight order bubble that, together its first order derivatives, vanishes on
∂ ω E and equals to one at the midpoint of E.
Note that now due to symmetry ∂ w ∂ n E E = 0. Now, recalling identities (3.20) and (3.21), and integrating in parts in the last term on its right-hand side (cf. [19] ), we obtain
from which estimate (3.25) can be concluded as the final step for bound (3.24).
Theorem 3 (A priori estimate) It holds that
Proof Let (v h , µ h ) ∈ V h × Q h be arbitrary and assume that w h ∈ V h is the function corresponding to (u h − v h , λ h − µ h ) in the discrete stability estimate (3.12) expressed in the continuous norm |||(·, ·)|||, see Remark 2. The problem statement then implies that
Let us bound separately each term on the right hand side. The continuity of the bilinear form B and the second estimate in (3.12) yield for the first term
For the second term we obtain
The third term is bounded as follows
where we have used (3.23), the second estimate in (3.12) and the inverse inequalities (3.8) and (3.9).
To derive a posteriori error bounds, we define the local residual estimators
and the corresponding global residual estimator
where E I h denotes the set of interior edges in the mesh. An additional global estimator S, due to the unknown location of the contact boundary, is defined through
where u + = max{u, 0} denotes the positive part of u.
The lower bound is a simple consequence of the global versions of estimates (3.23)- (3.25) . We refer to [18] for a similar consideration with more details.
Theorem 4 (A posteriori estimate -efficiency) It holds that
The upper bound cannot be established as elegantly as for the second-order (membrane) obstacle problem, cf. [18] , since the positive part function is not in H 2 (Ω ). We will use the following assumption, justified by the a priori estimate (3.27) for regular enough solution, see, e.g., [10] .
Assumption 1 (Saturation assumption) There exists β < 1 such that
where (u h/2 , λ h/2 ) ∈ V h/2 × Q h/2 is the solution in the mesh C h/2 obtained by splitting the elements of the mesh C h .
Theorem 5 (A posteriori estimate -reliability) It holds that
Proof Let w ∈ V h/2 be the function corresponding to (u h/2 − u h , λ h/2 − λ h ) ∈ V h/2 × Q h/2 in the discrete stability estimate (3.12) for which is holds, in particular, that
Let, moreover, w ∈ V h denote the Hermite type interpolant of w ∈ V h/2 . By scaling, one readily shows that
The discrete problem statement implies that
From (3.12), (3.5) and (3.36) it then follows that
Using formula (3.20) to integrate by parts in a(u h , w − w), we obtain
These terms are easily bounded using the Cauchy-Schwarz inequality and the interpolation estimates (3.35).
On the other hand, dividing u h + ελ h − g into its positive and negative part, we obtain the estimate
For the stabilising terms, we obtain the bounds
where we have used the inverse inequality (3.8) and the interpolation estimates (3.35).
The assertion follows after completing the square, using again the estimates (3.35) and (3.34) and observing that
A practical solution algorithm
The approximation properties of the primal variable and the Lagrange multiplier are balanced when the polynomial order of the latter is four degrees smaller than that of the displacement variable, for example, when the Argyris element is coupled with a piecewise linear and discontinuous approximation of the Lagrange multiplier. It is, however, unnecessary to actually solve for the Lagrange multiplier since it can be eliminated from the stabilised formulation altogether. This approach is analogous to the derivation of Nitsche's method for Dirichlet boundary conditions (cf. [22] ) and hence we refer to the proposed method as Nitsche's method for the Kirchhoff plate obstacle problem. Nitsche's method can be derived in two steps. First, testing with (0, −µ h ) in the stabilised formulation (3.5), leads to the following elementwise expression for the Lagrange multiplier
Then, testing with (v h , 0), substituting the formula for λ h in the resulting expression and choosing Q h = L 2 (Ω ), gives the following nonlinear variational problem:
where
The contact set Ω C (w h ) above is defined as
with F(w h ) denoting the reaction force given by
The practical solution algorithm for Problem 3 is an iterative process where at each step the contact set Ω C is approximated using the displacement field from the previous iteration so that system (4.1) becomes linear. The process is terminated as soon as the norm of the displacement field is below a predetermined tolerance T OL > 0. The stopping criterion is formulated with respect to the strain energy norm w E = a(w, w).
(4.2)
Algorithm 1 Nitsche's method, with contact iterations
k ← k + 1 5: end while 6: return u k h For a discussion regarding the convergence of iterations in Algorithm 1, we refer to [18] where we compare this approach to the semismooth Newton method for solving a stabilised second-order obstacle problem. We point out that the semismooth Newton method (see e.g. [26] ) corresponds to an algorithm, similar to Algorithm 1, where the contact area follows element boundaries. Hence, we expect Algorithm 1 to behave numerically as a semismooth Newton-type strategy applied to variational inequalities.
For an adaptive refinement, we use the maximum strategy with the parameter θ ∈ (0, 1) for marking and the red-green-blue refinement, see e.g. [25, 2] . The error estimator is defined as
Given the displacement field u h , the reaction force λ h = F(u h ) is computed as indicated in Problem 3. We start with an initial mesh C 0 h and terminate the computation after a predetermined number of adaptive refinement steps M. The resulting procedure is summarised in the listing Algorithm 2.
Algorithm 2
The adaptive Nitsche's method
Solve u j+1 h using Algorithm 1 and the mesh C j h .
4:
Evaluate the error estimator E K for every K ∈ C j h .
5:
Using the red-green-blue refinement strategy [25, 2] , construct C j+1 h by refining the elements K that satisfy the inequality
6: j ← j + 1 7: end while 5 
Numerical results
We illustrate the performance of the proposed algorithms by solving two example problems and comparing the uniform and adaptive meshing. The adaptive method is expected to recover the optimal rate of convergence with respect to the number of degrees of freedom N, i.e.
where k is the polynomial order of the finite element basis. As a measure of error we use the global estimator η + S. We expect that, asymptotically, it holds
Let Ω = [0, 1] 2 and let C h be a triangulation of Ω . The finite element space for the displacement field consists of a set of piecewise polynomials of order five, i.e.
The global C 1 -continuity is conceived by implementing the Argyris basis functions, c.f. [11] . In both examples, the loading function and the material parameters are chosen as f = −10, d = 1, E = 1 and ν = 0. For the parameters α, T OL and θ , we use the values α = 10 −5 , T OL = 10 −10 and θ = 0.5. In each case, we start with the mesh shown in the upper left panel of Figure 5 .1 and apply either a uniform refinement (each triangle is split into four subtriangles) or Algorithm 2 with M = 5.
The first example is that of a rigid obstacle, ε = 0, with its shape defined by
This obstacle is smooth and hence it belongs to H 2 (Ω ) as required by the continuous formulation. Nevertheless, its shape is sharp due to the moderately large negative coefficient. Qualitatively, the plate behaves subject to this type of obstacle as it would under a point load and we expect the error estimator to be large near the midpoint (0.5; 0.5).
The resulting sequence of adaptive meshes is depicted in Figure 5 .1 and the respective global errors can be found in Figure 5 whereas the uniform refinement is observed to be O(N −1/2 ). Note that if the numerical contact region was larger, for example using a less sharp obstacle, the convergence rate would become limited by the regularity of the solution, i.e. with uniform refinement eventually by O(N −3/4 ).
In the second example, we consider an elastic obstacle (ε > 0) defined by the function
Computing the cases ε = 10 − j , j ∈ {3, 4, 5, 6}, we observe that the behaviour of the reaction force varies quite much from case to case as revealed by the discrete Lagrange multipliers depicted in Figure 5 .5 and by the discrete contact sets shown in Figure 5 .6. In particular, the contact sets corresponding to less rigid obstacles remain simply connected which is not the case for the stiffer obstacles. The resulting error graphs for the adaptive and uniform refinements can be found in Figure 5 Adaptive, ε = 10 −5
Adaptive, ε = 10 −4
Adaptive, ε = 10 −3 
